Abstract. We investigate the classical limit of non-Hermitian quantum dynamics arising from a coherent state approximation, and show that the resulting classical phase space dynamics can be described by generalised "canonical" equations of motion, for both conservative and dissipative motion. The dynamical equations combine a symplectic flow associated with the Hermitian part of the Hamiltonian with a metric gradient flow associated with the anti-Hermitian part of the Hamiltonian. We derive this structure of the classical limit of quantum systems in the case of a Euclidean phase space geometry. As an example we show that the classical dynamics of a damped and driven oscillator can be linked to a non-Hermitian quantum system, and investigate the quantum classical correspondence. Furthermore, we present an example of an angular momentum system whose classical phase space is spherical and show that the generalised canonical structure persists for this nontrivial phase space geometry.
Introduction
While quantum mechanics traditionally demands the Hamiltonian be Hermitian for the description of closed systems, non-Hermitian Hamiltonians have proven useful for the description of open systems involving decay, scattering, and transport phenomena [1] [2] [3] [4] [5] [6] . Here one uses Hamiltonians whose eigenvalues have negative imaginary parts which leads to a monotonic decrease of the overall probability in time. Although in most cases non-Hermitian Hamiltonians are introduced heuristically, they can be incorporated in a mathematically satisfactory way starting from the system coupled to a continuum of states (see [2, 3, 7] and references cited therein). Furthermore, non-Hermitian PT symmetric Hamiltonians can have a purely real spectrum in certain parameter regions and can be used to define a consistent description of closed quantum systems [8] [9] [10] . Non-Hermitian quantum dynamics is sometimes regarded as a mere perturbation to Hermitian dynamics, adding an overall decay. However, non-Hermitian dynamics is in general very different from the familiar unitary time evolution. Much of this difference is due to the non-orthogonality of the non-Hermitian eigenfunctions, which can even degenerate at "exceptional points" in parameter space. The various intriguing effects associated with non-Hermitian quantum evolution attracted considerable attention recently, both from theoretical and from experimental side [11] [12] [13] [14] [15] [16] [17] [18] [19] . The field is still in an early stage of its development and many generic features are far from being fully understood.
Little is known about the quantum-classical correspondence of systems that are open in the above sense. Considerable insights have recently been gained from the study of toy models described by subunitary or truncated unitary operators associated with open quantum maps, where a fractal Weyl law has been found [20] [21] [22] . In the general case, however, even the classical analogue of non-Hermitian quantum theories has hitherto remained an open question. Complex extensions of classical dynamics in terms of complex coordinates and momenta have been studied in the contexts of both Hermitian and non-Hermitian theories [23] [24] [25] [26] . But these systems cannot be regarded as representing the classical limits of non-Hermitian quantum systems for which momentum and coordinate operators have real expectation values. On the other hand, in attempts to quantising classical damped motion, a possible link to non-Hermitian Hamiltonians has been observed [27] [28] [29] , but studies in this direction have not been substantiated, there is no generic structure available, and none of the approaches has been able to provide the desired quantum-classical correspondence in a rigorous sense. Recently a generalised classical approximation using algebraic coherent states [30] [31] [32] for a non-Hermitian Bose-Hubbard dimer [33, 34] was introduced in [35] in the context of Bose-Einstein condensates.
Here we show that there is a generalised canonical structure that can be derived as the classical limit of non-Hermitian quantum dynamics. This structure incorporates a metric gradient flow generated by the anti-Hermitian part of the Hamiltonian. It is closely related to the canonical formulation of classical damped motion suggested in the past [36] [37] [38] , as well as to the gradient flow appearing in thermal and statistical physics and control theory [39, 40] . It should be emphasised that we do not start from a classical damped system and quantise it. We rather begin with the non-Hermitian quantum system and perform a coherent state approximation that is often used to define the classical limit in the Hermitian case. The generalised canonical structure is derived for arbitrary quantum systems having a Euclidean phase space. The BoseHubbard system studied in [35] , however, can be regarded as an angular momentum system and thus the classical phase space is given by the Bloch sphere. Here we show that the corresponding classical dynamics can nevertheless be formulated according to the proposed generalised Hamiltonian structure. This gives some evidence that the proposed structure persists for more general phase space geometries.
The paper is organised as follows: In section 2 we give a brief introduction to nonHermitian quantum dynamics, before we introduce the classical limit using coherent states in section 3. We establish the generalised canonical structure for arbitrary onedimensional quantum systems on a flat phase space, using Glauber coherent states. This derivation is analogous for higher dimensions. In section 4 we present a case study for a damped oscillator. In section 5, we briefly review the classical approximation [35] for the angular momentum system studied in [33, 34] and show that the generalised canonical structure can be used to describe the classical dynamics on the spherical phase space. We end with a summary and short outlook.
Non-Hermitian quantum dynamics
For a general quantum system with HamiltonianĤ, not necessarily Hermitian, the dynamics of a pure state |Ψ is governed by the Schrödinger equation
We can decompose the Hamiltonian into a Hermitian and an anti-Hermitian part viâ H =Ĥ − iΓ, withĤ =Ĥ † andΓ =Γ † , where the damping termΓ is assumed to be non-negative. The special choice of the anti-Hermitian partΓ depends on the dynamics to be modelled, and the physical interpretation as a damping will become clear later. Under time evolution all states decay towards the subspace spanned by the eigenvectors ofĤ with the smallest decay rate (imaginary part of the eigenvalue). Assuming a time independent Hamiltonian with a discrete spectrum, the time evolution can be expressed as
HereĤ|ϕ n = E n |ϕ n , E n = E n − iΓ n with real E n ≤ E n+1 and non-negative Γ n . The expansion coefficients c n can be obtained from the initial state by projection onto the left eigenstates, i.e. the eigenstates ofĤ † . If there are no real eigenvalues, every initial state approaches the most stable initially populated eigenstate in the long time limit:
where we have assumed that this is the (non-degenerate) ground state, and the norm approaches
From the non-unitary state evolution (1) one can immediately deduce a generalised Heisenberg equation of motion [2] for the diagonal matrix element of an operatorÂ (for simplicity we consider only the case ∂Â/∂t = 0):
where [ , ] + is the anti-commutator. Taking into account the fact that the norm is not conserved but decays according to
the dynamical equation of motion for the expectation value of an operator Â = ψ|Â|ψ / ψ|ψ reads
with the covariance ∆
This evolution equation simplifies in the special caseΓ = kĤ with a non-negative real constant k to
This equation has been suggested by Gisin [41, 42] , however, with no connection to the non-Hermitian Schrödinger equation (1) . Instead, it was derived from the nonlinear quantum evolution equation
with Â = φ|Â|φ [41] [42] [43] [44] [45] . One can easily see that there is a direct relation between the nonlinear dissipative quantum evolution equation (10) and the nonHermitian Schrödinger equation (1) . A transformation to a renormalised state vector |φ = |ψ / √ n using (1) and (6), i.e. ṅ = −2 Γ n, immediately leads to (10) . Note that these nonlinear evolution equations can also be expressed in terms of the density operator (see, e.g., [41, 42] ), where they take the form of a double bracket flow frequently investigated in control theory and thermal physics [46] [47] [48] . Furthermore, they can be extended to mixed states evolving towards thermal equilibrium [49] [50] [51] [52] . Here, however, we intend to investigate the classical limit of the non-Hermitian evolution (for a pure state), a topic only briefly addressed in [41] .
A generalised classical limit for one-dimensional quantum dynamics
Often the classical counterpart of a quantum system is obtained in a rather sloppy manner by simply "taking the hats off the operators" and identifying the resulting quantities with the classical ones. For a one-dimensional quantum system describing a particle of mass m with momentump and positionq one can conveniently express the Hamiltonian in terms of harmonic oscillator ladder operatorŝ
Coherent states |α are defined bŷ
with q = α|q|α and p = α|p|α , and the minimal uncertainty product ∆q∆q = /2, which can be associated with a phase space point in the limit → 0. Applying the identification
replacing all operators in the Hamiltonian with their associated c-numbers, and then identifying the result with a Hamiltonian function on the classical phase space, one obtains the classical counterpart in this formulation. The Heisenberg equations of motion for an operatorF are implicitly replaced with the canonical equation of motion in terms of Poisson brackets for the associated function F (q, p) of the classical canonical variables:Ḟ
with Poisson brackets { , }. Here we made use of the complex formulation of classical mechanics in terms of z and z * [53] . This classical approximation can be motivated in the following way: For an operator functionF the relations
hold [54] . Therefore, we can express the Heisenberg equations of motion for the ladder operators in the form
We can than think of the identification (13) as replacing the quantum operators by their expectation values in coherent states, for which expectation values can be factorised. This immediately yields the canonical equations of motion for z and z * , and the corresponding equations of motion for a function of the canonical variables in terms of the Poisson brackets. Thus, the classical approximation can be rephrased as the assumption that an initially coherent state stays coherent throughout the time evolution. This is analogous to the spirit of the so-called frozen Gaussian approximation [55, 56] for the dynamics of a quantum system. Note that the approximation becomes exact if the Hamiltonian is linear in the group operatorsâ †â , a andâ † which can be verified by explicit calculation of the action of the resulting time evolution operator on an initially coherent state. In a semiclassical context in addition one often symmetrises the appearing ladder operators to account for the zero point energy. Here, however, we deal with the classical approximation for → 0 where the zero point energy vanishes identical and thus, we neglect issues of operator ordering. Further, while an additional constant changes the energy values, it leaves the dynamics invariant.
Let us now derive the general structure of the classical equations of motion for a non-Hermitian Hamiltonian. For this we have to translate the equations of motion for the expectation values of the ladder operators for an arbitrary Hamiltonian to their classical counterparts using the coherent state approximation. We can express the anti-commutators appearing in the equation of motion, making use of the identity [54] [
for an operator functionF =F (â,â † ). Inserting expressions (17) in the generalised Heisenberg equations of motion (7) we find
Applying the coherent state approximation hence yields the desired classical equations of motion governed by the complex valued Hamiltonian function H = H −iΓ, where H and Γ are the Weyl symbols of the operators (i.e. the expectation values in coherent states):
The evolution equation (6) for the norm is then approximated by
with constant Γ 0 (note that Γ = Γ(z, z * ) depends implicitly on time). This evolution equation for the norm in fact goes beyond a purely classical description because it depends on . Furthermore, as will be become clear from the examples below, Γ tends to zero in the long time limit and the constant Γ 0 accounts for the finite asymptotic decay rate (4).
Translated to q and p the equations of motion (19) can be expressed aṡ
For the time evolution of a dynamical variable A(q, p) with ∂A/∂t = 0 we therefore findȦ
Equation (21) can be represented in a generalised canonical structure. To see this we introduce phase space variables of equal dimension via the canonical transformation
Then equation (21) can be written in the form
where ∇ is the phase space gradient operator, Ω is the symplectic unit matrix and G denotes the phase space metric. Since the considered phase space has Euclidean geometry, we thus have:
(see appendix Appendix A and [57] for further details). The dynamical equation (24) is a combination of a canonical symplectic flow generated by the real part H of the Hamiltonian function and a canonical metric gradient flow generated by the imaginary part Γ of the Hamiltonian function. The symplectic part evidently gives rise to the familiar Hamiltonian dynamics of classical mechanics. The appearance of the gradient flow may at first seem surprising in the present context. However, if we recall the fact that the gradient vector with a negative sign points in the direction of the steepest descent of the function Γ we see that this part of the dynamics drives the system towards the minimum of Γ and thus can naturally be associated with a damping (see, e.g., [36] [37] [38] [39] [40] ). We shall show in section 5 that this structure persists for a spherical phase space arising as the classical limit of the quantum angular momentum system studied in [35, 57] .
Finally it should be pointed out that the frequency ω appearing in the classical equations of motion, i.e. the frequency of the harmonic oscillator introduced to define the coherent states, is still a parameter and can be adjusted, for example to improve the quality of the classical approximation.
In summary we identified a generalised classical canonical structure (24) associated with non-Hermitian dynamics for a flat phase space. We derived this structure from a coherent state approximation and it should be noted, that it does not depend on the specific choice ofĤ andΓ. In the case where both are linear in the generators of the Heisenberg-Weyl algebra,â,â † andââ † , and for a coherent initial state this approximation becomes exact and the quantum dynamics is fully captured by the classical equations of motion. To get further insight into the quantum classical correspondence for non-Hermitian systems, we shall present some example studies in the following section.
The damped oscillator
In this section we will study the dynamics of a damped oscillator starting with a purely harmonic case. Here the classical approximation is exact, provided that the state is initially coherent. This is a well known correspondence identity for Hermitian systems which also extends to the non-Hermitian case. In the subsequent section we present some results of a case study of an anharmonic oscillator, where the classical dynamics is approximate.
The damped harmonic oscillator
Let us first consider the purely harmonic casê
and assume that the non-Hermitian part of the Hamiltonian iŝ
with a positive real number k. Thus, the metric gradient part of the resulting dynamics (24) will drive the system towards the minimum of the energy. The classical equations of motion (21) arė
with γ = kω. Eliminating the momentum p we obtain
which is the familiar classical equation of motion for a damped harmonic oscillator, however, with a frequency ω 0 = ω 2 + γ 2 , which implies that the damping is always subcritical. The evolution equation for the damped harmonic oscillator (29) has been presented by Gisin in [41] .
Here the HamiltonianĤ is linear in the generatorsâ,â † andâ †â + 1/2 of the harmonic oscillator algebra. Hence an initially coherent state remains coherent and the classical evolution equation for q and p agree exactly with the quantum evolution of the expectation values q and p .
Note, however, that this is no longer the case if one uses (i) coherent states in the classicalisation belonging to a harmonic oscillator with frequency ω ′ = ω; or (ii) a different damping operatorΓ, for example,Γ = kp 2 /2m (physically that means that the anti-Hermitian part seeks to minimise the kinetic energy only). In the first case one obtains the classical evolution equation
and in the second case one finds
Both results are now approximations of the true quantum dynamics because the Hamiltonian is no longer linear in the generators of the algebra. The same classical equation of motion also appears in the dynamics of a Caldirola-Kanai Hamiltonian which describes the classical dynamics of a harmonic oscillator whose mass increases exponentially in time. This Hamiltonian can immediately be quantised (see the recent review [58] ) and yields dynamics different from the one investigated here.
In what follows, we choose the proper coherent states andΓ as given in (27) . In this case, the Hamiltonian can be simply written aŝ
a harmonic oscillator with a complex frequency ω = ω−iγ, and many results derived for the Hermitian harmonic oscillator are also valid here. For instance the time evolution of an initially coherent state |α 0 is given by (see, e.g., [54] )
with
where α t = (1+D t )α 0 = e −i ωt α 0 satisfies the (classical!) equation of motion iα t = ωα. The time dependence of the norm goes exponentially to zero for long times,
whereas for short times it decays linearly according to n t ≈ 1−γ(1+|α 0 | 2 )t. Note that the time derivative of n t agrees exactly with the classical equation (20) for Γ 0 = k γ/2, which justifies the ad hoc insertion of this correction term.
The forced and damped harmonic oscillator
We now consider one of the most celebrated dynamical systems in textbooks, the (classical) damped harmonic oscillator with harmonic driving
Here all trajectories approach the limit cycle
where the amplitude and phase shift are
The corresponding quantum system has been studied only rarely (see, e.g., [44, 50] ). Here we consider the Hamiltonian
again with a complex frequency ω and a time dependent driving f t . The closed form solution known for real frequency (see, e.g., [54, § 3.11]) can be extended to the nonHermitian case with complex frequency ω. For convenience we provide the solution here for an initially coherent state |α 0 :
with α t = C t + (1 + D t )α 0 . The parameters satisfy the differential equations
with initial conditions A 0 = B 0 = C 0 = D 0 = 0. The solutions are
and D t is again given by (34) . Note that α t , parametrising the coherent state, is a solution of the differential equations
which are indeed the classical equation of motion
for the Hamiltonian H = ωα * α + f t α + f * t α * , where α and α * act as canonical coordinate and momentum, respectively. For the special case of harmonic driving, f t = f 0 cos Ωt, one obtains
which approach, in the long time limit, to the simpler expressions
t , with
and
with α t → α (0) t , the limit cycle (37) . We note that α (0) t and A (0) t are T -periodic and the limiting state for t → ∞ can be written in the form |ψ 0 (t) = e −iǫ0t/ |φ 0 (t) with |φ 0 (t) = ce
where c is a constant, and
The quantum dynamics can be computed numerically, e.g., in the discrete operator representation [59] . As an example, figure 1 shows the evolution of a coherent state initially located at (q 0 , p 0 ) = (2, 0). The parameters are chosen as ω = 1, m = 1 (these are kept fixed in all calculations) and γ = 0.1, = 1. For the driving force we used Ω = 1 and f 0 = 0.1. The time dependence of the expectation value q shown as a solid black curve agrees, of course, with the analytic formula given above and also with the classical oscillation q(t). Asymptotically, the motion approaches the limit cycle (37) .
If the initial state is chosen differently from a coherent one, the agreement between classical and quantum evolution breaks down, as in the Hermitian case. As an example, the dashed blue curve in the figure shows the results for an initial superposition of two coherent states located at (q 0 , p 0 ) = (2, 0) and (−2, 0) (a so-called cat state). Here q , which is initiallly equal to zero, cannot be described by a single classical trajectory but shows an interference structure before it converges to the asymptotic limit state. This behaviour is characteristically different from the Hermitian case, where no limit cycle exists and the quantum evolution never approaches the classical dynamics.
Let us finally remark that in the quantum case most states approach asymptotically to a unique state, a quantum limit cycle. This is evident, if one formulates the dynamics in terms of non-Hermitian Floquet states. Here the time evolution can be expressed in the form of a linear combination as in (2) , where the eigenstates are replaced by the Floquet states |ψ n (t) = e −iǫnt/ |ϕ n (t) with |ϕ n (t + T ) = |ϕ n (t) (53) and the eigenvalues by the (complex) quasienergies ǫ n . Then each state approaches asymptotically the most stable Floquet state, which can be identified as the quantum limit cycle. In the present case of a forced harmonic oscillator the quasienergies are known analytically (see, e.g., [59, 60] ) and the solution can be directly extended to complex frequencies:
which agrees for n = 0 with the result already given in (52) . The most stable state n = 0 is, of course, only reached if the projection of the initial state onto this state is different from zero. Otherwise, the state approaches the most stable initially populated quasienergy state. In fact, all quasienergy states appear as quantum limit cycles, as already remarked by Gisin [44] .
As an illustration figure 2 shows an example of the quantum limit cycle in phase space. Shown in false colors is the Husimi distribution, i.e. the projection on coherent states which is averaged over one period of the driving in the long time limit. Also shown is a classical trajectory started in at p 0 = 0, q 0 = 2 which converges to the classical limit cycle that concides with the ridge of the quantum distribution. 
A damped anharmonic oscillator
As an example of an anharmonic oscillator we consider the Hamiltonian
where the non-Hermitian partΓ of the Hamiltonian is chosen aŝ
as for the harmonic oscillator. Then the classical equations of motion (21) arė
In the Hermitian case γ = 0 one finds the well-known deviations between the quantum and classical evolution showing breakdown and revival phenomena. As illustrated in figure 3 , these phenomena survive in the case of a weak damping, γ = 0.01, and moderate anharmonicity β = 0.4. The oscillation frequency and the overall decay is reproduced in the classical approximation. Numerical results for the damped case with stronger damping are shown in figure  4 , where we have used the same method and parameters as described above. The damped anharmonic evolution shows differences between the classical and quantum evolution and, as expected, the deviations increase with anharmonicity β. This is due to the increasing deviation of the quantum state from a coherent one during the time evolution. For short times, when the state is still almost coherent, we find a very good agreement between classical and quantum evolution. In further numerical studies we observed that the qualitative behaviour is not changed, if we also chose the anti-Hermitian partΓ anharmonic. A detailed investigation of the behaviour of the quantum-classical correspondence in dependence on the special choice of Hermitian and anti-Hermitian part as well as their relation is a promising starting point for future studies.
An angular momentum system
Recently a generalised classical approximation in the spirit introduced in the preceding sections has been performed for a non-Hermitian angular momentum system in the context of many-particle mean-field correspondence for ultracold atoms in an open double well trap [35, 57] . The Hamiltonian investigated there is of the form
where theL j are angular momentum operators and L denotes the angular momentum quantum number. By Schwinger's harmonic oscillator representation of angular momentum, this can be interpreted as a second quantised many-particle model and the classical approximation arises as a mean-field approximation. Here we briefly review the generalised coherent state approximation for this angular momentum system and show that the resulting mean-field dynamics can be described by the generalised canonical structure (24) , however, on a spherical phase space.
To perform the classical approximation we have to replace expectation values in the quantum Heisenberg equations of motion with their values in a coherent state. For angular momentum operators the classical approximation will be performed using SU (2) coherent states. The classical limit is then realised for large quantum numbers, that is, L → ∞, where we set = 1 for convenience. The dynamics of the angular momentum expectation values follows from the generalised Heisenberg equation of motion (7):
, and the norm of wave function decays according to
The generalised SU (2) coherent states, often also denoted as atomic coherent states, can be constructed by an arbitrary SU (2) rotation of the extremal angular momentum state |L (spin up):
The coherent state approximation-that is, the assumption that an initially coherent state stays coherent throughout the time evolution-is exact if the Hamiltonian is linear in the generators of the SU (2) algebra, i.e. for c = 0 in our case. This can be seen by an explicit calculation of the action of the time evolution operator
on an initially coherent state (62) . The classical equations of motion are obtained from the quantum dynamics of the relevant expectation values by replacing all expectation values with their values in coherent states and identify these as the classical quantities. The SU (2) expectation values of theL j , j = x, y, z appear as the components of the classical Bloch vector:
The expectation values of the anti-commutators appearing in (60) in SU (2) states can be shown [35, 57] to factorise as
Inserting these expressions into (60) and taking the classical limit L → ∞ (where we have to keep 2Lc = g fixed) we obtain the desired non-Hermitian classical evolution equations:ṡ
In the case g = 0 in which the assumption that the many-particle state stays coherent in time is exactly fulfilled, these equations exactly coincide with the quantum dynamics for arbitrary L for an initially coherent state. The nonlinear non-Hermitian Bloch equations are real valued, and conserve s 2 = s 
The classical dynamics is analysed in detail in [35, 57] . Here we show that it can be described by the generalised canonical structure (24) . For this purpose we introduce the canonical coordinates p and q on the sphere related to the Bloch coordinates via
The equations of motion then read:
This can be expressed as generalised Hamiltonian equations of motion of the form (24) where Ω is the usual symplectic matrix (25) and
is the corresponding Kähler metric on the Bloch sphere (see appendix Appendix A for some details). The Hamiltonian function H = H − iΓ is given by the SU (2) expectation value of the quantum Hamiltonian (59):
In figure 5 we show an example of the quantum dynamics in comparison with the classical evolution on the Bloch sphere for a strong nonlinearity g = 1.5 and a small non-Hermiticity γ = 0.1. Here the classical dynamics has several fixed points, one of them being a sink of the dynamics close to the south pole of the sphere and another being a source close to the north pole. The initial condition in the present example is close to the source. For short times the behaviour of the quantum and the classical dynamics is similar. For longer times, however, while the classical dynamics moves towards the sink staying confined on the surface of the Bloch sphere, the quantum dynamics can tunnel through the sphere. Finally they both approach the sink of the dynamics. Note that the quantum classical correspondence for this system can be quite intricate. Depending on the initial conditions and the total angular momentum the quantum dynamics can differ considerably from the underlying classical behaviour due to interference and tunneling effects. This is analysed in more detail in [57] .
Conclusions and Outlook
In conclusion we derived a generalised canonical structure (24) incorporating a metric gradient flow that can describe both conservative and dissipative motion as a classical limit of non-Hermitian quantum dynamics. The classical limit was defined as a coherent state approximation and it was shown that the canonical structure arises for Euclidean phase space geometry associated with Glauber coherent states, irrespectively of the special choice of the Hamiltonian. Furthermore, we presented an example of an angular momentum system where the classical limit is given by the limit of large angular momentum. The appropriate coherent states in this context are the SU (2) or atomic coherent states which lead to a spherical classical phase space. We showed that the resulting classical equations of motion can also be described using the generalised canonical structure derived for the Euclidean case. This strongly suggests that the proposed structure holds for more general systems with different metric structures on the classical phase space.
The quantum classical correspondence arising from these non-Hermitian systems is in many cases equivalent to the well-known behaviour observed in Hermitian systems. However, new effects due to the gradient part of the motion are to be expected, the investigation of which is a promising task for future studies. Interesting questions here regard the timescales of the quantum classical correspondence (that is the non-Hermitian equivalents of the Ehrenfest and Heisenberg times for Hermitian systems) and their dependence on the Hermitian and anti-Hermitian part individually as well as the relation of Hermitian and anti-Hermitian part. It is also interesting how the generated classical flow depends on this relation between the Hermitian and anti-Hermitian part of the Hamiltonian and in particular, which simplifications are to be expected if they are proportional.
Furthermore, the discovery of a general structure in the classical limit of nonHermitian quantum theories paves the way for the development of new semiclassical techniques such as quantisation conditions and trace formulas for these systems.
g → κg and ω → κω for some κ = 0. Hence, the Kähler metric and symplectic structure are defined only up to a scale factor. On the other hand, if either ω or g is given, then this automatically fixes the relevant scale factor according to the compatibility condition.
In classical mechanics one usually associates the symplectic structure on the phase space with the canonical equations of motion by demanding them to read qṗ = +∂H/∂p −∂H/∂q = Ω −1 ∇H, (A. 5) and hence fixing the symplectic structure Ω as
Thus, if the phase space is a Riemannian manifold and therefore equipped with a metric g the corresponding Kähler metric G is connected to g up to a factor that is determined by the choice (A.6) of the symplectic structure. It is straightforward to show that for a Euclidean space this coincides with the usual choice of a Euclidean metric G = 1.
While in the conventional context of Hamiltonian dynamics the metric is of no consequence, in the present paper we have a complex Hamiltonian function H = H−iΓ, and the metric structure appears as a natural choice to extend the canonical equations of motion to the generalised form
where Ω is given by the usual expression (A.13) for Hamiltonian dynamics and G is the associated Kähler metric. Let us now proceed to calculate the Kähler metric that is compatible with the choice (A.6) for the symplectic structure, in the case of the Bloch sphere. The Riemannian metric g on a two-sphere S 2 ⊂ R 3 of radius R, embedded in the three dimensional Euclidean phase space via x = R sin θ cos φ y = R sin θ sin φ (A.8) z = R cos θ, can be found from the transformation rule (A.3) (which extends to the case in which we have a parametric subspace). Starting from the metric in R 3 given by the identity matrix we deduce at once the well-known expression of the metric on the sphere:
Because the sphere is the Bloch sphere the radius is given by R = From this metric we can calculate the symplectic structure ω on the phase space (p, q) making use of the Kähler compatibility condition and find:
As a consequence, by comparing (A.13) and (A.6) we see that the scaling factor κ is given by κ = 1 2 , that is, Ω = 1 2 ω, and we conclude that the Kähler metric associated with the symplectic structure appearing in the canonical equations of motion is given by G = 1 2 g.
